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Abstract. Constructions of n-Lie algebras by strong n-Lie-Poisson 
algebras are given. First cohomology groups of adjoint module of 
Jacobian algebras are calculated. Minimal identities of 3-Jacobian 
algebra are found. 



1. Introduction 

Let U be an associative commutative algebra over a field K with 
commuting derivations di, . . . , 9„. Say, U is an algebra of differentiable 
functions on n-dimensional manifold or polynomial algebra = K[xi, 
or Laurent polynomial algebra = K[xf^, . . . ,x^^]. In these exam- 
ples, di = d/dxi are partial derivations. If not stated otherwise, the 
characteristic p of the field K is supposed to be 0. 

Let Jac^ : A"f/ ^ U he Jacobian map: 



Jac^{ui, . . . , Un) = det (diUj) 



diui ■ ■ 
dnUi ■ ■ 

Define {n + l)-linear map JacJ^^ : A"+^f/ ^ f/ by 



diUr, 
dr,Ur 



Uo Ui 

diUo diUi 



Un 

dr,.Ur. 



JaC„+i(uO,Ml, ... ,Un 

dnUo dnUi 

In terms of wedge products we see that 

Jac^ = di A ■ ■ ■ A dn, 

Jac^+i = id A di ■ ■ ■ A dn, 

where id : U ^ U,u u, is the identity map. 

In 0, 0, are proved that the n-ary multiplication u = Jac^ 
satisfies the identity 



(1) 
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where 

g'^iUi, ... , U2n~l) = Uj{Ui, ... , Un-l,U}{Un, ■■■ , M2n-l))- 

n 

^ . . . , Lli{Ui, ... , Un-1, Mj), Mi+l, . . . , U2n-l) ■ 

i=l 

In 1^ this identity is caUed a Fundamental Identity. We call it Funda- 
mental Identity of type I. 

We notice that the Jacobian u = Jac^ satisfies one more identity, 
that we call a Fundamental identity of type II: 

r = 0, (2) 

where 

f^iUi, . . . , Un-l, Vi,. . . , Vn+l) = 

n+1 

. . . ,Un-l,Vi) ■ Uj{Vi, ... ,Vi,... ,Vn+l). 

i=l 

It is known that, the Jacobian u = Jacf^ satisfies the Leibniz identity 
for the multiplication ■ : 

Uj{u ■ U, U2,... , Un) = U ■ Uj{u', U2, . . . , Un) + U ■ Uj{u, U2, . . . , 

(3) 

Here u,u' ,ui, . . . , U2n+i,vi, ■ ■ ■ , Vn+i are any elements of U. 

In our paper we consider algebras with many operations. An op- 
eration or multiplication on algebra is a polylinear map. li u : U x 
■ ■ ■ X U ^ U is a polylinear map with n arguments, then u is called 
a n-ary multiplication on U. The space of n-ary polylinear maps on U 
is denoted by T"{U, U). U n = 0, then we set T^{U, U) = U. The set 
of operations on U is called a signature of algebra The algebra 
with vector space U and signature Q = {u, 77, . . . } is denoted as {U, Q) 
or {U,uj,7], . . .) or just U, when it is clear which multiplications are 
considered. 

An algebra {U, uj) with skew-symmetric ra-ary multiplication uj that 
satisfies (|l]) is called n-Lie [§. An algebra {U,-,u) is called n-Lie- 
Poisson, if (f/, ■) is an associative commutative algebra and it satisfies 
the identities (|l|) and (|^). If it satisfies one more identity, namely the 
identity (|^), then this algebra is called strong n-Lie-Poisson. 

Sometimes n-Lie algebras are called Nambu [§, Filipov or Takhtajan 
algebras and n-Lie- Poisson algebras are called Nambu- Poisson algebras. 

Question. Does the fundamental identity of type II follow from the 
fundamental identity of type I and from the Leibniz identity, if n > 2 
and p = ? 

Here, we suppose that commutativity and associativity identities for 
the binary multiplication and skew-symmetric identity for n-multiplication 
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are given. Otherwise, more likely, the answer to this question will be 
negative. 

For some statement A" denote by its Kroneker symbol: = 
1, if X is true and = 0, if is false. For some set of vectors Y 
denote by < F > its linear span. 

Let 

r'^iUi, ... , M„„2, Mn-l, Mn, • • • , «2n) = 
(-1)*+"+''(*-""^)u;(Mi, U2,... , Un-2, Ui)uj{Un, ^n+l, • • • . . . , U2n) + 

i=n— l,n+l,... ,2n 

^ (-1)*+"+'^^*-""^^U;(m„, M2, . . . , Mn-2, • • • , «i, • • • , «2n.)- 

i=ri— 1,71+1,... ,2n 

So, r"^ is the polynomial with n skew-symmetric arguments Wn-i, Wn+i, • • • , M2n 
and two symmetric arguments ui and u„. 

By theorem 6 [§] the answer to our question will be positive, if the 
inverse of this statement is true: the identity f^ = follows from the 
identity r'^ = and Leibniz rule (^. 

We give a positive answer to the last statement for n = 3 (the- 
orem |5.1| ). If p > 0, it is more likely that the answer would be 
negative. For n = 2 the answer is also negative. There exist ex- 
amples of Lie-Poisson algebras, that are not strong. For example, 
{K[xi,X2, X3, X4], (9i A ^2 + A ^4) is such an algebra. 

Let {A, Q) be an algebra with some vector space A and signature Q. 
For f2' C f2 a linear map D : A ^ A is called r2'-derivation, if 

71 

D{u{ai, . . . ,a„)) = "^uiai, . . . ,ai_i,D{ai), . . . ,an), 

i=l 

for any Oi, . . . , a„ G A and for all u & Q'. Call f2-derivation a deriva- 
tion. Let Der {A,Q') be a space of all derivations of {A,Q'). Set 
DerA = Der {A,n). 

In terms of operators ^ : A A, a uj{ai, . . . , fln-i, ct) we 

see that u satisfies (|l|), if and only if 

La^,...,a„^^ e Der A, 

for any ai, . . . , a„_i G A. Derivations of the form La^^,,,^a„-i are called 
interior derivations. Let Int A be a space of interior derivations. If A 
is n-Lie, then Int A is a Lie algebra under commutator of operators. 
Moreover, Int A is an ideal of Der A : 

71 

X/ai,... ,a„_i] — -^ai a,:-i ,r>(a,:),a,:+i .... ,a„ ; 

i=l 

for any D G Der A, G A. In particular one can consider a 

factor- algebra, an algebra of outer derivations. Out A = Der A/ Int A. 
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In two examples of n-Lie algebras were constructed. The first 
one is vector products algebra and the second one is Jacobian algebra. 
In this paper it was established that any derivation of vector products 
algebra is interior. In it was also noticed that, if {A, u) is (n+ 1)-Lie, 
then [A, i{a)uj) is n-Lie, where ra-ary map i{a)u) is defined by 

i{a)uj{ai, ... , a„) = uj{a, ai, . . . , a„). 

In our paper we give a generalisation of Jacobian algebras. Namely, 
we establish that the algebra {U, JacJ^^) becomes a (n+ 1)-Lie algebra. 
If U has unit element 1, then di{l) = 1, for any i = 1, . . . ,n. li U has 
unit, then the (n + l)-ary algebra {U, Jac^j^i) allows us to obtain the 
n-ary Jacobian algebra {U, Jac^) by the restriction operation: Jac^ = 

The theory of polynomial identities is well developed for ordinary 
algebras, i.e., for algebras with binary operations. The case of multi 
operation algebras needs some detailed information about n- or Q- 
words and ^-polynomials. Necessary definitions and descriptions of 
r2- words are given in section |^ (theorem |2.3| ). We introduce a notion 
of O-degree for ^-polynomial, that is, the number of operations. For 
example, Jacobian algebra considered as an n-Lie algebra, has only 
one n-ary operation, denoted by /i„ = Jac^, and it has only one iden- 
tity of f2-degree 1 (skew-symmetric identity for Jacobian) and only one 
identity of f2-degree 2 (n-Lie identity). The identity f^" = is not 
an n-Lie identity, since the construction of needs binary operation. 
Probably Jacobian algebra as n-Lie algebra has no any identity of Q- 
degree 3. If we consider Jacobian algebras as n-Lie-Poisson algebras, 
i.e., as algebras with one binary operation '■ {u,v) u ■ v and one 
n-ary operation /i„ = Jac^, then it has two identites of f2-degree 1 
(commutativity for fi2 and skew-symmetry for fin) and three identities 
of Q-degree 2 (n-Lie for fin, Leibniz rule between fi2 and fin, and asso- 
ciativity identity for fL2). As n-Lie-Poisson algebra, Jacobian algebra 
has one more identity of f2-degree 3 (identity between two fin-s and one 
fi2). It seems that both directions of studying Q-identities of Jacobian 
algebras will be very interesting. In our paper we describe f2-degree 2 
identities for the Jacobian algebra {K^, Jac^) as 3-Lie algebra. 

In cocycle and identity constructions we use two methods: a poly- 
nomial principle and P- invariants method (section 0). The polynomial 
principle allows us to restrict our considerations by the case of poly- 
nomial algebras. As it turns out, almost all of our cocycles and poly- 
nomials are X>- invariant. To prove that D-invariant polynomial is an 
identity it is sufficient to calculate these polynomials on their supports. 
In other words, the identity (cocyclicity) checking problem we reduce 
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to the calculation problem whether a polynomial is equal to on some 
concrete arguments. Here the use of computer calculations are very 
helpfull. 

Let U = Kn- In section ^ we prove that the classes of the following 
linear maps consist of the basis of Out {U, Jac^) : 

n 

A := '^Xidi + n(l - 

i=l 

D_e : x°' 6a -e, 

Dr.= x-'+'^di, z = l,...,n, 

where 6* = (1, . . . , 1) and = (0, . . . , 1, . . . , 0). In section |^ we estab- 

i 

lish that all derivations of (U, Jac^^i) are interior. In these sections 
we also prove that the algebras of interior derivations are isomorphic 
to Cartan Lie algebras of types W and S, namely, Int {U, Jac^^{) = 
Wn{U) and Int {U, Jac^) = Sn{U). These isomorphims explain index 
notations on Jac^_^i and Jac^. 



In terms of n-Lie cohomology |10], in sections ^ and|^ we calcu- 



late first cohomology groups of Jacobian algebras with coefficients in 
adjoint module. Derivations of Lie algebras appear in a natural way 
in considering central extensions of Lie algebras. Derivations of Lie 
algebras Hi and Wn in this sense were described in Our results in 
the case n = 2 are compatible with the results of this paper. 

2. f2-WORDS 

Let Z be the ring of integers, Z+ = {i e Z : z < 0} and Z"*" = {z G 
Z : i > 0}. Let us given some alphabet K with a map K Z+, a t— > 
called arity map. Let 

X = {a e K : |a| = 0}, 

n = {cu e N : |a| > 0}. 

Thus, K = U j£. Denote elements of Q hj 001,002, .. . and elements of 
X by Xi,X2, .... 

Define a weight map 

K ^ Z, a 1^ I lal I, 



by 



Lemma 2.1. The following conditions are equivalent 

• ll"ll > 1 

• I lal I = 1 
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• a E X 

• \a\=0 

Proof. Evident. 

Let r(K) = {a = aia2 ■ ■ ■ ctk} be the set of sequences of elements of 
K. If a = ai . . . ak, h = f3i . . . (3s E r(K), then, by definition, a = 6 if and 
only \i k = s and ai = Pi, . . . ,ak = Pk- Call the number of elements 
k of the sequence a = ai ■ ■ ■ ttfc G r(N) a length of a and denote it by 
l{a). Prolong the weight map || || to 

lllhr(N)^z, 

by 

I Ic^i ■ ■ ■ Ctfcl I = llc^ill + ■ ■ ■ + llf^fcll- 
Let Z°° = {{ii,i2,...) ■.ii,i2,... e Z}. Define a map fi : r(K) Z°° 

by 

/^(«) = (/Ufc(a), Atfc-i(a), • • • , 
fii{a) = \\ai\\ H h ||afc||, i = 1,2,... ,k, 

if a = «! . . . ttfc, ftj e K, i = 1, 2, . . . ,k. 

Definition. Let ri(K) be the subset of r(K), that consists of ele- 
ments a G r(K), such that 

• Ikll — 1 

• if a = ai ■ ■ ■ afc, ai G K, z = 1,2,... ,k, then /ii(a) > 1, for any 
1 — X ^ 2^ . . . ^ k. 

Example. Let fl = {tus, ti;2, : jcusl = 3, |ti;2| = \uj'2\ = 2. Let 
a = UJ3UJ2X1X2X3UJ2X4X5 G r(K), b = UJSUJ2X1X2UJ3X3X4X5 G r(K). Then 
/i(a) = (1,2,1,2,3,4,3,1) and ij{b) = (1,2,3,1,2,3,2,0). Therefore, 
aGri(K) and6^ri(K). 

Lemma 2.2. Elements o/ri(K) have the following properties 

• Hall = l,a G ri(K) ^ a G X, 

• ^^?^ri(K), 

• any element o/ri(K) mt/i length more than 1 begins with some 
element ofQ. 

• any element o/ri(K) ends by some element of X. 

Proof. Let a = ai . . . afc be the element of ri(K) with length k = 
l{a). 

By definition, 

/ifc(a) = llttfcll > 1 



Thus, by lemma p.l| , ak G X. So, we have proved that any element of 
ri(K) ends by element of X. In particular, any element of ri(K) with 
length 1 is an element of X. 
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Suppose that l{a) = k > 1. By definition, 

/ii(a) = ||ai . . . Ofcll = 1, ||a2 • • • a/cll > 1- 

Therefore, ||a;i|| < 0. In other words, ai G Q. So, we established that 
any element of ri(K) with length > 1 begins with element of Q. 

Define a set of words 0]. 

Definition. 

i. Any element of X is an f2-word. 

ii. If Oi, . . . , ttk are 0-words, then cuai . . . a^, where \uj\ = k, is also a 
fi-word. 

iii. Any fi-word is obtained by these two rules. 

Let a = uai . . .a^ be some word and a is a word or element of f2. 
We say that a enter to a or that a is a part of the word a and write 
a; e a, if one of the following cases are fulfilled, 

• a is a word and a = a, 

• a is a word and a is a part of for some s = 1, . . . , fc, 

• a eVL and a = uj, 

• a eVL and a is a part of for some s = 1, . . . , /c. 

For the word a = uj ai, . . . ,ak define udeg a or Q-degree of a, by 

• cudeg a = Y.'j=i ^deg + 1, 

• udegx = 0, x G X, 

• uodeguo = 1, uo eVL. 

So, fi-degree of a is the number of elements of VL that enter to a : 

uodeg a = \{uj & r\ a}\. 

Let a = uai . . . be some word. Call xdeg a or X- degree of a the 
number of elements of X that enter to a : 

• xdeg a = J2^=i xdeg aj, 

• xdegy = 1, y G X, 

• xdegoj = 0, u eVL. 

A degree of a is defined by deg a = xdeg a + udeg a. 
Tlieorem 2.3. The set of Q-words coincides with ri(K). 
Proof. Denote by ri(K) the set of r2-words. 

Prove that f i)(K) C Ti{^). Let a G ri(K). We use induction on /(a). 
If /(a) = 1, then a = x G X. Thus, = 1, and x G ri(K). Suppose 
that any element of ri(K) with length < l{a) belongs to ri(K). If 
a = uai . . .ttk, then /(ai) < /(a), . . . , l{ak) < l{a). Then by inductive 
suggestion oi,... ,0^ G ri(N). In other words, if Oj = Oj^i . . . aj^^i, 
where aij G N, then Z^^Li ||Q^i,j|| = 1- Thus, 

a = cjtti^i . . . ai^si ■ ■ ■ • • • 
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and 

/ii(a) = I |a| I = I I + X! I I'^jjl I = ^ — k + k = l. 

i=i j=i 



By lemma |2.2| , ai^^. G X, for any i = 1, . . . , k. Therefore, yUi(a) > 1, for 
any i < Y.j=i Sj- So, a e ri(K). 

Prove now ri)(N) C ri(N). By induction on l{a) prove that any 
a G ri(K) can be presented in the form a = a; G X, if l{a) = 1, or 
a = uai ... Or, where | |ti;| | = 1 — r, ai, . . . ,0.,. G ri(K), if /(a) > 1. 

If l{a) = 1, then the statement is trivial Suppose that our statement 
is true for elements of ri(K) with length < k and a = ai . . . a^, at G 
K, z = 1, 2, . . . , fc. Let Aj = fii{a). 

Suppose that /ifc = 1 < /ifc-i < • ■ ■ < fJ'i+i, but /i^ < fii+i. This means 
that ttfc, . . . , ai+i G X and ai G fi. Let = g > 0. Then q < k ~ I, 
since 

k-l 

So, we can consider the element c = a/az+i . . . az+q G r(K). The word 
c is a subword of a. Moreover, 

||c|| = \\ai\\ + . . . + \\ai+g\\ = l-g + l + --- + l = l 

^ V ^ 

9 

and 

lla^as+i . . .az+<y|| > 1, 

for any s = l + q,l + q — l, . . . ,1. So, c G ri(K). By inductive suggestion 
c is an f2-word. Therefore, the word 

6 = A---/3fc-,-ier(K), 

where 

/5i = «!,.. . , = a^-i, /5z+i = aj+q+i, . . . , (3k-q-l = Oik, 

and G X, has the following properties: 

1(b) = {l-l) + l + {k-l-q) = k- q- l<k, 

\\b\\ = \\ai\\ H h \\ai-i\\ + ||A|| + H ^ l|afc|| = ||a||, 

and 

\\(3s...f3k-,-i\\ > 1, 
for any s = k — q — l,k — q — 2,... ,1. These mean that b G ri(K) and 
l{b) < l{a). By inductive suggestion, b G ri(K), and 

b = ubi . . .br 

for some u & Q and &i, . . . , ^ f Since l{bi), . . . , /(fe^) < k, by 
inductive suggestion 61, . . . ,br G ri(K). One of bs, where 1 < s < r. 
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contains jSi. Instead of jSi we can take the fi-word c and obtain the 
fi-word that is equal to a. So, we established that a G ri(K). 
Our theorem is proved. 

Corollary 2.4. For any Q-word a, 

\uj\ = udeg a + xdeg a — 1. 

Proof. If l{a) = 1, then a G X, and udeg a = 0, xdeg a = 1. So, 
Ec^gnna \uj\ = = udeg a + xdeg a -I. 

Suppose that for a, with /(a) < k, the statement is true. Let 
Z(a) = A; > 1. By theorem p.3| , any f2-word a with length k > 1 can be 
presented in the form a = rjai . . .a^, for some fi- words ai, . . . ,ar with 
length < k and some rj E Q with |?7| = r. Then 

nna = {t]}u u•=l{^] n a^}. 

Thus, 

r 

C(j(ie(y' Oj = cufiefy' a — 1. 

By inductive suggestion, 

|ci;| = udeg ai + xc/egf — 1, 
for i = 1, . . . , r. Therefore, 

E M = 

r 

\v\ + Yl E 1^1 = 

i=l wdiQnai 

r 

r + ^^{udeg ai + xdeg — 1) = 

i=l 

r r 
i=l j=l 

udeg a + Xfie^f a — 1. 

Corollary 2.5. Let udegia be the number of entries of u E Q with 
\u\ = i in a. Then for any Q-word a, 

xdeg a = — l)udegi a + 1. 

i>l 

Proof. This is another formulation of corollary p.4| . 
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Corollary 2.6. Assume thatfl consists of one element u with \uj\ = k. 
Then for any Q-word a, 

xdeg a = 1 + (A; — l)ujdega. 

Proof. It follows from corollary |2.5| and from the following facts: 
uidcQk a = uideg a, and uidegi a = 0, if i 7^ A;. 

3. ^-POLYNOMIALS, fi- ALGEBRAS AND i7-IDENTITIES 

Definition. A linear combination of f2-words is called Q-polynomial. 
Polynomial of the form AaO, where a is a word and Xa € K, is called 
a monomial. The monomial is called nontrivial, if Aa 7^ 0. We say 
that AaO is a part of / or AaO is monomial of /, if Aa 7^ 0. A space of 
f2-polynomials is denoted by K[Q, X]. 

Let U and M be some vector spaces. Denote by T^{U, M) the space 
of polylinear maps i) : U x ■ ■ ■ x M,iik> 0, T^{U, M) = M, and 

k 

T'^iU, M) = 0, if A; < 0. Let T*{U, M) = ®kT^{U, M). If ^/^ G T^(f/, M), 
we will write = k. 

Let A'^{U, M) be the subspace of T^{U, M) consisting of skew-symmetric 
maps, A°(f/,M) = M, A^{U,M) = 0, if < and A*(f/,M) = 
©fcA'^ (f/,M). 

Let f2 = {cui, 0^2, . . . } be some alphabet with an arity map | , | : f2 
Z+. Suppose that to each oj ^ VL one corresponds some homogeneous 
map uJu E Tl'^l(f/, U). In this case we will say that U has a structure of 
Q- algebra. 

Notice that for any f2-algebra U and for any i7-word a one can make 
substitutions for its parameters Xi Ui E U and ui 1— > ojiu. The easy 
way to see it is by presenting a in the form a = uai . . . flfc, where 
\uj\ = k and ai, . . . ,ak are words of smaller degree than the deg a. One 
can assume that in ai, . . . , Ofc our substitutions are correctly defined. 
Then a would be correctly defined also. 

So, for any polynomial / G K[Q, X] we can make substitutions 
in its parameters by elements of U and operations on U. If / de- 
pends, say, from parameters Xi, . . . ,Xk,uJi, ... ,uji, then we obtain a 
correctly defined element fu = ... ,Uk, ujm, . . . , ujm) G U for any 

Ml, . . . ,Uk EU. 

Definition. The polynomial / G -ft'[r2,3C] is called an Q-polynomial 
identity, or simply, f2-identity on i7-algebra U, if 

fu{ui, ... , Mfc, UJlU, • • • , i^iu) = 0, 
for any Ui, . . . ,Uk E U. 
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Let us given two Jl-polynomial identities / = and g = 0. We say 
that the identity / = follows from the identity g = 0, and denote 
(7 = ^ / = 0, if /{/ = for any f2-algebra U, such that gu = 0. The 
identities / = and g = are called Q-equivalent, or just equivalent, 
if/ = 0^^ = Oand^ = 0^/ = 0. 

Further, to simplify denotions we will often identify the polyno- 
mial / = f(ti,... ,tfc,tt;i,... ,u!i) by the result of substitution fu = 

f{ui,... ,Uk,uJiu,--- ,^iu) e U and call ... ,Mfc,u;ic/, ... 

shortly as a fi-polynomail, or just a polynomial. Notice that a for- 
mal definiton of fi-words does not need any brackets and comma's, but 
for practical use it is more convenient to use brackets and comma's. 
We will use brackets keeping in mind that we will do it from the right 



to the left as in the proof of theorem |273 . 

Example. Let Q = {003,002,002 : Ic^sl = 3, |u;2| = \^2\ = 2. Let 
a = 003002X1X2X3002X4X5 G ri(K), Then for any f2-algebra U and for any 

ui,. . . eU, 

au = 0O3u{^2u{ui,U2),U3,UJ2u{u4,U5)) G U, 

or simply, 

a = 0O3{uJ2{Xi,X2),X3, 002{X4, X5)). 
4. 3-LlE ALGEBRAS 

Theorem 4.1. If p = or p > 3, then any 3-Lie-Poisson algebra is 
strong. 

Proof. Let {U,-,oo) be 3-Lie-Poisson. Recall that 

r'^(Mi, ... ,U6) = 

Uj{ui, U2, Ms) ■ ^{Ui, U5, Me - Oo{ui, U2, U5) ■ Oo{u4, U3, Uq) 
+Uj{ui, U2, Me) ■ UoiUi, U3, M5) + L0{ua, U2, U3) ■ u{ui,U5, Uq) 
-UJ{U4, U2, M5) ■ L0{ui, U3, Uq) + Oo{u4, U2, Uq) ■ u{ui, U3, M5) 

is symmetric in two arguments Mi and M4 and skew-symmetric in three 
arguments M3, M5, Mq. 

By theorem 6 [0, for 3-Lie-Poisson algebras, r'^{ui, . . . ,Uq) = 0, for 
any mi, . . . ,Uq eU. One can check that 

3/'^(Mi,M2,M3,M4,M5,Me) = 

2r'^(Mi, M2, M3, M4, M5, Me) + r'^(M2, M3, Mi, M4, M5, Me) 

-r'^{u2, M4, Ml, M3, M5, M6)+r'^(M2, M5, Ml, M3, M4, Me)-r'^(M2, Me, Ml, M3, M4, M5). 

So, /"^ = is also identity for {U, -,00), if p ^ 3. 
Proposition 4.2. /'^ = ^ r'^ = 0. 
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Proof. One can check that: 

-r'^iUi, Un, U2,... , U2n) = 

/'^(MI, M2, . . . , Mn, • • • , U2n) + (-1)"/'^(W2, • • • , ^n, «!, Mn, • • • , M2n)- 

Therefore, the identity r'^ = follows from the identity = 0. 

Remark. Notice that for n = 2 the identities — and — 

are different. More exactly, the identity r'^ = does not appear, if 
n = 2. There exist 2-Lie-Poisson algebras that are not strong. Let 
us give an example of such algebras. Let K21 = K[xi, . . . ,X2i] and 
uj = Z^Li ^ ^i+i- Then {K21, - ,0;) is 2-Lie-Poisson. It is easy to check 
that {K2,-,di A ^2) satisfies the identity f^'^^ = 0. If Z > 1, the 
polynomial 

f^{a, u, V, w) — u!{a, u) ■ u!{v, w) + a;(a, v) • u!{w, u) + a;(a, w) • u!{u, v) 
is not an identity. For instance, 

f^ixi, X2, X3, X4) = Uj{xi, X2) ■ UJ{X3, X4) = 1 7^ 0. 

So, the algebra {K21, -,0;) is strong 2-Lie-Poisson, if and only if Z = 1. 

5. Minimal identities for 3-Jacobians 

Theorem 5.1. {p 7^ 2, 3) Any polynomial identity of Q-degree 2 of Ja- 
cobian algebra {K[xi,X2, X3], Jacf) follows from 3-Lie and skew- symmetric 
identities for ?> -multiplication Jac§. 

Proof. Let uu = Jac§. Define polynomials g'^, and by 

g^ = g^{ti,... ,t5) = 

ljjtit2LOt^t4t^ — LVLjti, t2, t3t4t5 + 
iiJLjjt\t2tit'it^ — U}Ljjt\t2t^t'it4^, 

Ujtit2Ujt-it4t^ — Ujtit-iUjt2t4t5 + 
Ujt\t i^Ujt2t^t^ — Ujt\t^Ujt2t^t 

= q'^iti,... ,^5) = 
^ {-y+^ujtitjUJti ...ii...tj... t^. 



i<j<5 



Notice that 



3h^(ti,t2,ts,t4,t5) — 

m i~^y~^^ i^i^ tj^tl: . . . , tj, . . . tj, . . . , ^5)- 



2<i<j<5 
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Further, 

E (-ir+v(ti,...,t5) = 

l<i<j<5 

2 E i-iy^^^titjujti ...ti...tj... t^. 

i<«<i<5 

Therefore, 

2q^it2,h,U,t,,h) = E (-ir+V(ti,... ,t5)-2/i"(ti,... ,t5). 

l<«<j<5 

So, /i'^ = and g'^ = are identities on {U, uj), ii g'^ = is an identity 
and p 7^ 2, 3. 

Let / be any polynomial of wdeg f = 2. Since = 3, by corollary 
P75| we should prove that any polynomial of the form /(ti, ... ,^5) = 

X]ji<j2,j3<«4<i5 ^iii2'^i^hy^i2J ^i^isy^hy^is)) J SUch that 

f{ui,... ,M5) =0, 

for any Ui, . . . ,U5 E U = K[xi, X2, X3], is a linear combination of poly- 
nomials that can be obtained from the polynomial g'^ by permutation 
of variables ti, . . . , ts. 
We have 



/(xi,X2, 


Xi, 


X2,xl) 


= = 


> A12 


— Ai4 


+ A34 


~ A23 


= 0, 


f{x2,Xi, 


Xi, 


X2, xf) 


= = 


^ A12 


+ Ai3 


+ A24 


+ A34 


= 0, 


/(xi,X2, 


Xi, 


xl,X2) 


= = 


> A12 


+ Ai5 


~ A23 


~ A35 


= 0, 


/(X2,X1, 


Xi, 


Xg, X2) 


= = 


> A12 


+ Ai3 


~ A25 


~ A35 


= 0, 


f{Xl,X2: 


X^ 


Xi,X2) 


= = 


^ A12 


+ Ai5 


+ A24 


+ A45 


= 0, 



/(X2, Xi,xl, Xi, X2) = ^ -A12 + Ai4 + A25 - A45 = 0. 

The obtained system of linear equations has rank 5 and parameters 
A15, A25, A34, A35, A45 can be chosen as a free. So, any polynomial /, 
such that xdeg / = 5 and / = is an identity on {K[xi, X2, X3], cj), is a 
linear combination of the following five polynomials 

/45 = — Lijt\t20jt';i,t^t^ + Lijt\t'3Lijt2t/it^ — Ujt2t'3UJt\t/^t^ -\- Ujt/^tc^U}t\t2t3., 
/sS — ^tit2l-Ot3t4t^ + LL)t]t/^Ujt2t3tr^ — Ujt2t4Ujtit3t^ + {jjt3t^Ujtit2ti, 
/34 = Ljjtit2iijt3t/^t^ — Ujtit3Ujt2t4t^ + Co'tit4ti;t2^3^5 
+Ut2t3U!tit4^t^ — Ut2t4^U!titst5 + U!tst4^utit2t5, 
/25 = LOtit2>-Ot3t4t^ + Ujt2t3Ujtit4tr^ — Ujt2t4Ujtitj,t^ + Ci;t2^5'^^1^3^4) 
/15 = — Lijt\t20jti3t^t^ -\- Ujt\t'3Ujt2tit^ — U}t\t^Ujt2t';3t^ -\- Ujt\t^Ljjt2t';^t4^. 

We see that 

/45 = g'^iti, t^, ti, t2, ^3), 
fsb = g'^ih, tb, ti, h, ti), 
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/34 = 

/25 = —h'^ihjtiytsjtijt^), 
/i5 = -h^. 

So, any identity of X-degree 5 follows from 3-Lie identity g'^ = and 
skew-symmetric identity. 

Conjecture. Let p = and n > 2. Any identity of Q-degree < 3 
of n-Lie algebra {K[xi, . . . ,a;„],Jacf) follows from n-Lie and skew- 
symmetric identities. Any identity of r2-degree < 3 of n-Lie-Poisson 
algebra {K[xi, . . . , Xn], ■, Jo,c^) follows from n-Lie and skew-symmetric 
identities for Jacobian, Leibniz rule for • and the identity /"^"'^" — 0. 

Here we suppose that commutativity and associativity identities for 
a binary operation are given. Definitions of n-Lie- Poisson algebras and 
the polynomial are given in the next section. 

6. Constructions of n-LiE algebras by n-LiE-PoissoN 

ALGEBRAS 

Usually n-Lie algebras are considered for n > 1. Complete this def- 
inition by considering the case n = 1. Call any vector space U with a 
linear map f : U ^ U, i.e., {U, f ) a 1-Lie algebra. 

Definition. Let A = {U,-,u) be an algebra with two operations: 
([/, U) U,{u,v) ^ u-vhedi, bilinear multiphcation and to : A"C/ — > U 
be a skew-symmetric n-linear multiplication. We say that A is n-Lie- 
Poisson, if 

• {U, ■) is an associative commutative algebra 

• {U, uj) is an n-Lie algebra. 

• CU{U ■ U', U2, . . . , Un) = Oj{u, U2, ■ ■ ■ , Un) ' u' + U ■ (jj{u', U2, ■ ■ ■ , M„), 

for any u, u', U2, ■ ■ ■ ,Un & U. 
Consider on U one more polynomial 

f^iui, . . . ,Un-l,Vi, ... ,Vn)^ 

n+l 

J2{-'^y^^{ui, ■■■ , Un-l, Vi) ■ Uj{vi, ... ,Vi,... , Vn+l). 

i=l 

Let us given an algebra {U, -,0;) with one binary operation {u,v 1— > 
u • V and one n-ary operation A^U — > U, {ui, . . . , m„) ^ u!{ui, . . . , 

Definition. An n-Lie-Poisson algebra is called strong, if it satisfies 
the identity = 0. 

Example. We will see below that the Jacobian algebra {U, •, Jac^) 
is strong n-Lie-Poisson and that the algebra {U, •, JacJJ^^) satisfies the 
identity /'^ = 0. 
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Let ([/, - ,0;) be n-Lie-Poisson algebra. Recall that D e Der {U, - ,0;), 

if 

• D e Der {U, ■), i.e., D{u ■ v) = D{u) -v + u- D{v), 

• D e Der {U,u}), i.e., 

n 

D{u{ui, . . . ,Un)) = Xl'^K' ■ ■ ■ ,Ui_i,DUi,Ui+i, . . . ,Un). 

i=l 

Call in a such case D a n-Lie-Poisson derivation. 

Example. Let n = 1. Then {U, -,0;) is n-Lie-Poisson, il uj : U U 
is a derivation of (?7, •). If is an n-Lie-Poisson derivation of (C/, - ,0;), 
then [D, ou] = 0. 

Theorem 6.1. Let {U, - ,00) be a strong n-Lie-Poisson algebra and D e 
Der {U, -yUj). Construct onU a new skew- symmetric {n-\-l) -multiplication 
cu = D A u. Then {U, -,00) is strong {n -\- l)-Lie-Poisson. 

Proof. We have 

iZj{u ■ u',Ui, ... ,Un) = 
n 

D{u ■ u') ■ u{ui, ... ,Un)+ ^{-iyD{Ui) ■ u{u ■u',Ui,... ,Ui,... , Un) = 

i=l 

{D{u) ■ u') ■ Uj{Ui, ... ,Un)+U- D{u') ■ Lli{Ui, ... ,Un) 
n 

+ ^{-iyD{Ui) ■ U ■ Uj{u', Ui,... ,Ui,... , Un) + 

i=l 
n 

1=1 

n 

{D{u) -uiui, ... , Un))-u' + J2i-'^T{D{Ui) Ui, . . . ,Ui,... , Un))-u'+ 

i=l 
n 

U-{D{u')-Uj{ui, . . . ,Un)) + Y^{-lYu-{D{Ui)-u{u',Ui,... ,Ui,... ,Un))^ 

i=l 

D A U!{u, Ui, . . . , Un) ■ u' -\-U ■ U!{u', Ui, . . . , Un) 

Further, 

n+2 

Y.i-'i-TD Au{ui,... ,Un,Vi) -D Auj{vi,... ,Vi,... ,Vn+2) = 
i=l 

X1+X2, 

where 

n+2 n 

Xi = Y^Y^ (-_]^ji+i+s+<5(s>i). 
j=l j=l l<s<n+2,s^i 

D{Uj)-D{Vs)-U;{ui, ... ,Uj,... ,Un,Vi) ■ U;{vi, . . . ,Vs, . . . ,Vi, . . . ,Vn+2): 
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n+2 

= ^ j^_-|^yt+n+s+(5(s>j)+l_ 

i=l l<s<n+2,S7^i 

D{Vi) ■ D{Vs) ■ Uj{ui, ... ,Un)- Uj{vi, ... ,Vs,... ,Vi,... , Vn+2)- 

Notice that, by identity = 0, 

x,^± E {-iy^'D{u,)-D{vsy 

j=l l<s<n+2 

E (-l)*+'^^*>*^a;(tii, ... ,Uj,... , Un, Vi) ■ Lj{vi, ... ,Vs,--- ,Vi,... , Vn+2) 
^l<i<n+2,i^s 

= 

and by commutativity of multiplication •, 

^n+2 

J2 Yl {-'i-y^''D{vi) ■ D{Vs) -Ljivi,... ,Vi,... ,Vs,--- ,V„+2) - 

i=l i<s<n+2 

n+2 \ 

E E {-ly^' D(Vs) ■ D(Vi) -Uivi,... ,Vi,... ,Vs,... ,Vn+2)\ ^0 

i=l i<s<n+2 / 

So, /"^ = is the identity. 
Notice that 

D A Lli{ui, ... ,Un,D A Uj{Un+l, ... , M2n+l)) 

n+1 

- ^{-ly^^-^^DAUjiDAUjiui, ... ,Un, Un+i),Un+U ■■■ : C+i, ■ ■ ■ , ^i2n+l) = 
i=l 

2n+l 

E D{D{Ui)) ■ gi{ui, ... ,Ui,... , U2n+l) + 
i=l 

E D{Ui) ■ D{Uj) ■ gi,j{ui, ... ,Ui,... ,Uj,... , M2n+l) + 

l<i,j<2n+l,ijtj 

2n+l 2n+l 

E E -^(^0 ■ • • • , • • • , D{Uj),Uj+i, ... , M2n+l), 

for some polynomials gi,gij and that do not depend from D. 
The following relations can be obtained by tedious calculations. 
If n < i < 2n + 1, then g^ = 0. U 1 < i < n, then by the identity 

r = 0, 

gi{ui, ... ,Ui,... ,U2n+l) = 

2n+l 

^ (-l)^a;(Mi, ... , Mj, . . . , Mn, Mj)-a;(M„+i, ... , tij, . . . , M2n+i) = 



IDENTITIES AND DERIVATIONS FOR JACOBIANS 17 

li 1 < i,j < n, OT n < i,j < 2n + 1, then Qij = 0. If 1 < i < n, 
n < j < 2ra + 1, by n-Lie identity Qij = 0. 

If n < j < 2n + 1, then hi j = 0. If 1 < j < ra, then 

hi,j = ±f'^{Ui, ... ,Ui,... , D{Uj),Uj+i, ... ,Un, Un+l, • • • , U2n+l) , 

in the case of 1 < z < n, and 

in the case of n < i < 2n + 1. Thus, in both cases, by the identity 
= 0, we have hij = 0. 

So, the multiplication lj satisfies (n + 1)-Lie identity. 

Corollary 6.2. Let U he an associative commutative algebra with com- 
muting derivations di, . . . , dn. Let u = di A ■ ■ ■ A dn Then {U, ■, u) is 
strong n-Lie-Poisson. 

The algebra (?7, -^u) constructed in corollary ^]2| is called n-Lie Ja- 
cohian algebra of type S. 

Proof. We will argue by induction on n. If n = 1, then {U, ■, di) is 
1-Lie-Poisson, if and only if di G Der {U, ■). In this case the identity 
= follows from the commutativity law for the algebra {U, ■). 

Suppose that the algebra ([/, •, 5i A ■ ■ ■ A dn-i) is strong (n — 1)- 
Lie-Poisson. By definition dn G Der{U,-). Since [dn,di] = 0, for any 
i = 1, . . . ,n — 1, then 

dn{di A ■ • ■ A 9„_i(Mi, . . . , Un-l) = 

dn{ sign(jd„(i)Ui 5<T(n-l)^^n-l) = 

a^Sym„-\ 

^ ^ signad„(i)Ui 5^(i„i)Mi_ia„((9^(i)Mi)-9^(i+i)Mi+i 5^(„„i)M„_i = 

n-1 

signad„(i)Ui 9^(i-i)Mi_i-9^(i)9„(Mi)-9^(j+i)Mi+i 9^(„_i)M„_i = 

i=l a£Symn-i 
n-1 

^ (9l A ■ • ■ A dn-l{Ui, . . . ,Ui.i,dnUi,Ui+i, . . . ,Un-l). 
i=l 

So, dn G Der {U,di A ■ ■ ■ A dn-i). Thus we can apply theorem |63| . By 
this theorem we obtain that {U, ■, 9i A ■ ■ ■ A dn) is strong n-Lie-Poisson. 

Theorem 6.3. Let {U,-,uj) be strong n-Lie-Poisson. Endow U by a 
new skew- symmetric {n + 1) -multiplication u = id Auj, where id : U ^ 
U,u u, is the identity map. Then {U^Cj) is {n + 1)-Lie algebra. It 
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satisfies the identity = 0. If U has unit 1, then it satisfies one more 
identity 

Uj{u ■ U, Ml, . . . , Un) — U ■ u{u', Ui, . . . , Un) — U ■ Uj{u, Ui, . . . , M„) = 

(4) 

— {u ■ u) ■ i{l)Cj{ui, . . . , Un) 
Proof. Since Lu2,...,u^ G Der {U, ■), and 1-1 = 1, 

i{l)uj = 0. 

Therefore, 

i{l){id Auj) = u (5) 
So, for any u, u', Ui, . . . , u„ G f/, 

UJ{U ■ U', Ml, . . . , Un) =Yi + Y2, 
U ■ U}{u\ Ml, . . . , Un) = Zi + Z2, 
u' ■ UJ{U, Ml, . . . , Un) = Wi + W2, 

where 







= (m ■ m') ■ ^^(mi, . . 


• 5 "^n); 




¥2 = 


n 

= E(- 

i=l 


-l)*MjCi;(M ■ m'. Ml, . . 


• ; Uiy ■ ■ ■ 


) Un): 






= u ■ {u' ■ uj{ui, . . . 


,Un)), 




Z2 = 


n 

E(-) 


*M ■ (Mj ■ C(J(m', Ml, . 


■ ■ ,Ui,... 


,Un)), 






= m' ■ (m ■ Cl'(mi, . . 


■ ,Un)), 




W2 = 


n 

E(- 


fu' ■ {Ui ■ Uj{u, Ml, . 


■ ■ ^Ui, . . 


■ ,Un)). 



i=l 

Since L^i, e Der (U, ■), 

Y^ = Z, = W^i, Y2 = Z2 + W2. 

Therefore, by @, the identity @ is true. 
We have 

fi^{Ui, ... ,Un,Vi,... ,Vn+2) = 

71+2 

"^{-lyid Auj{Ui, . . . ,Un,Vi) ■U;{Vi,... ,Vi,... ,Vn+2) = 
i=l 

n+2 n 

E E(~l)''^^"i ■ ^("1' • • • , Un, Vi) ■ Uj{Vi, ... , Mi, . . . , M„+2) + 

i=l j=l 
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n+2 

^{-ly^^'^'^Vi ■ u;{ui, . . . ,Un) -Uivi,... ,Vi,... ,Vn+2) = 
1=1 

Ti + T2, 

where 

n+2 n 

Ti — ^2^^ ^ (^_iy+j+s+5{s>i) ^ 
i=l j=l l<s<n+2,sjti 
Uj ■ Vs ■ Uj{ui, ... ,U-j,... ,Un, Vi) ■ Uj{Vi, . . . , Vs, . . . , Vi, . . . , Vn+2) , 

n+2 

i=l l<s<n+2,s^i 

^_^y+s+5i,s>i)+n+l^^ ■ Vs ■ a;(Mi, . . . , Mn) ■ Uj{vi, . . . , V^, ■ ■ ■ , V^, . . . , Vn+2) ■ 

Since {U,-) is commutative, 

^n+2 \ 
E E {-iy'-''''^'>%i ■ Vs ■ u;{v,, ...,Vs,...,V,,..., V„+2) = 0. 
, i=l l<s<n+2,s^i J 



Notice that 

n n+2 

7^i = EE(-i) 

j=l s=l 



^^'Uj ■ Vs- 



{-iy^^^^^'''uj{ui, ... ,Uj,... ,Un, Vi) ■ Uj{vi, ... ,Vs,--- ,Vi,... , Vn+2) 

^l<i<n+2,i^s 
n n+2 

E J2i-^y^'Uj ■ ■ riUl, ... ,Uj,... ,Un,Vi, ... ,Vs,... ,Vn+2)- 
j=l s=l 

Since /"^ = is identity on {U, - ,00), we have Ti — 0. So, the algebra 
{U,-,Lj) satisfies the identity /'^ = 0. 
We have 

id A Uj{ui, ... ,Un,idA Uj{Un+l, • • • , M2n+l)) = 



2n+l 

J2 {-ly^^'^^id A Uj{ui, ... ,Un,Ui- Uj{Un+l, ... , Ui, . . . , U2n+l)) = 

i=n+l 

n 2n+l 

E E {-^y^^^'^UyuiUi, ... ,Uj,... , Un, Ui-Lj{Un, ... ,Ui,... , M2n+l)) + 
j=l i=n+l 

2n+l 

{-ly^^Ui ■ U{ui, ... ,Un)- i^{Un+l, ■■■ ,Ui,... , M2n+l) = 

i=n+l 
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A1+A2 + A3, 

where 

n 2n+l 

j=l i=n+l 

n 2n+l 

■ ■ ■ ,^^n,^^(^in, . . . ,lti, . . . ,ti2n+l)), 

j=l i=n+l 

2n+l 

A3 = Uj{ui, ... ,Un) ■ i^'^y^^'^i • ... ,Ui,... , ti2n+l)- 

i=n+l 

On the other hand, 

2n+l 

^ (-l)'+''+^(idAa;)(io?Au;('Ui, ^n+i, ... ,Ui,... , U2n+i) = 

2n+l n 

^ ^(-l)*+-'+''(i(iAa;)('Uj-a;('Ui, . . . , lii), . . . ,Ui,... ,M2n+i)4- 

i=n+l ;?=1 
2n+l 

Yl {-'^y^^{idAuj){Ui-Uj{Ui,... ,M2n+l) = 

i=n+l 

where 

2n+l n 

Bi= Y • • • , Mn, MO-i^lMn+l, • • • , Mi, • • • , M2n+l), 

i=n+l j=l 

2n+l n 

^2 = ^ ^ ^ ^_2y+i+s+l+6(s>i). 

i=n+l j=l n<s<2n+l,Sy^i 
Us ■ Uj{Uj ■ Uj{ui, ... ,Uj,. . . , Un, Ui),Un+l, ... ,Us, ■ . ■ ,Ui,... , M2n+l), 

2n+l 

S3 = Uj{ui, ... ,Un)- Y {-^y^^^i ■ i^{Un+l, ... ,Ui,... , U2„+l), 

i=n+l 

2n+l 

B^^ Y Y (^-iy+^+^+sis>i) . 

i=n+l n<s<2n+l,sj^i 
Us ■ L0{Ui ■ Uj{ui, ... , Un),Un+l, ... , Ms, • • • ,Ui,... , M2n+l)- 

Notice that 

Ai = Si, 
A3 = S3. 
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So, to check (n + 1)-Lie identity for (n+ l)-multiplication uj we must 
prove, that 

^2 = -82 + -B4. 

We have 

B2 = -82,1 + -82,2, 
-B4 = -84,1 + -84,2, 

where 

2ri+l n 

i=n+l j=l n<s<2n+l,s^i 
Us ■ Uj • Uj{uj{ui, ... ,Uj,... ,Un,Ui),Un+l, ... ,Us,... ,Ui,... ,'U2n+l), 

2n+l n 

B2,2 = E E E (_i)^+^'+^+i+5(*>i). 

i=n+l j=l n<s<2n+l,sj^i 
Us ■ U;{Ui, ... ,Uj,... , Un, Ui) ■ U;{Uj, Un+l, ... , Ms, . . . , Mi, • • • , M2n+l), 

2n+l 

B4^l= ^ ^ ^_-]^^i+s+n+<5(s>i). 

i=n+l n<s<2n+l,s^i 
Us-Ui- Oj{oj{ui, ... , Un),Un+l, ... ,Us,... ,Ui,... , M2n+l), 

2n+l 

= E E (_l)'+«+"+'5(«>^). 

j=ri+l n<s<2n+l,Sy^i 
Us ■ Uj{ui, ... ,Un) ■ i0{Ui, Un+l, ... ,Us,--- ,Ui,... , M2n+l)- 

We see that 

-64,2 = 

(jj{ui, . . . ,Un)- 

2n+l 

E E (-l)*Ms •t^(Mn+l,--- ,'"s,--- ,'"2n+l) = 
i=n+l n<s<2n+l 

na;(Mi, . . . ,M„) • E (-l)X ■ '^("n+i, • • • , • • • , M2n+i)- 

n<s<2n+l 

Further, 

2n+l n 

B2,2 = E E E (-i)^^^-^"-^^- 

i=n+l j=l n<s<2n+l,sj^i 
Us-Uj{ui, ... ,Uj,... ,Un, Ui)-(jj{Un+l, • • • , Us-1, Uj, Us+1, ... ,Ui, . . . , M2n+l)- 

Therefore, 

-62,2 + -64,2 = 

2n+l 

±n Us- riUi, ... , Un-l, Un,... ,Us, ■ ■ ■ , M2n+l) 

s=n+\ 
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So, if n = 0{modp), or /"^ = 0, then 

i?2,2 + -84,2 = 0. 

Let 

A2 - i?2,l - ^4,1 = Ui-Us- gi,s, 

l<i<s<2n+l 

where the polynomial Qi^s does not depend from Ui and Ug- One can 
check that Qi^s = 0, if 1 < i, s < n or n < i, s < 2n + 1 By n-Lie 
identity for u we have Qi^g = 0, if 1 < i < n,n < s < 2n + 1. 
So, a) satisfies {n + 1)-Lie identity. 

Corollary 6.4. Let U he an associative commutative algebra with com- 
muting derivations di, . . . ,dn. Let u = id A di A ■ ■ ■ A dn Then {U, ■, oj) 
is {n + 1)-Lie with identity = 0. If U has unit 1, then the algebra 
{U,-,uj) satisfies the identity (^. 



The algebra {U,-,uj) constructed in corollary ( |6.4| ) is called n-Lie 
Jacobian algebra of type W. 



Proof. Follows from corollary pl2| and theorem 



7. Polynomial principle and P-invariants 

In this section we discuss two methods used in our calculations. 

Call the first method a Polynomial principle. It means the following. 
Let U be some associative commutative algebra over a field K with 
binary multiplication U x U U, {u,v) u ■ v. Let di, . . . ,dn be 
commuting derivations of U : [di,dj] = 0, for any i,j = 1, . . . ,n. Let 
us given a polylinear map u : U x ■ ■ ■ x U ^ U with n arguments, 
such that uj{ui, . . . , m„) is a linear combination of elements of the form 
d'i{ui) dli'Un for any ui, . . . ,UneU. 

Suppose that some statement concerning associative commutative 
algebra U, ra-ary polylinear map uj : U x ■ ■ ■ x U ^ U and derivations 
(9i , . . . ,dn was obtained by using: 

• Leibniz rule: 

di{ui ■ U2) = di{ui) ■U2 + ui- di{u2), 

for any Ui, U2 E U and i = 1, . . . ,n. 

• linear properties of U 

• associativity and commutativity properties of U. 

Then this statement is true for any associative commutative algebra 
U with commuting derivations di, . . . , (9„. In particular, this statement 
is true for the polynomial algebra U = K[xi, . . . with derivations 
di = d/d Xi,i = 1, . . . ,n. 
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The second method is based on the study of P-invariants . Let T) 
be an abehan subalgebra of Der U generated by commuting derivations 
9i, . . . , Let C^{U, U) = {ip ■ U ^ ■■■ ^ U} he the space of 
skew-symmetric polyhnear maps with k arguments and C*{U,U) = 
®kC\U,U). 

Let p : V —>■ EndC*{U,U) be a representation of an abehan Lie 
algebra V defined by 

p{X)tp{ui, ... ,Uk) = 

n 

X{i){ui, ... , Uk)) - i){ui, ... , ui-i, X{ui),ui+i, ... ,Uk), 
1=1 

for ijj G C'iU, U). We say that i) G C*{U, U) is V-mvanant, if p{X)i) = 
0, for any X eV. 

Define A and A' products on C*{U,U). For ijj G C^{U,U) and (p G 
C\U,U) set 

. . . , Uk+l) = ^{Ui, ... , Mfc) ■ . . . , Uk+l), 

ijj ^' (f){ui, ... , Uk+l) = • • • , Ui),Ui+i, ... , Uk+l). 

Define A G C"=+'(f/, U) and A' (f) e C^+^-^{U, U) by 

ip A . . . ,Uk+i) = 

sign cr 0) , . . . , u^i^k) ,Ua{k+i),--- , u„{k+i) ) , 

^/^ A'0(Mi,... ,Uk+l) = 
Y signer {lp ^' (j)){Ua{l), . . . ,Ua(l),Ua{l + l), ■ ■ ■ ,Ua{k+l))- 

Proposition 7.1. Ifip,(j)e C*{U,U), then 

p(X)(^ + 0) = p(X)^ + p(X)0, 

p(X)(A^) = Ap(X)^, 
p(X)(^ A 0) = p(X)^ A + ^ A p(X)0, 
p(X)(^ A' 0) = p(X)^ A' + A' p(X)0. 

Corollary 7.2. T/ie subspace of V -invariants C^{U, U)^ = {tp & C^{U, U) : 
p{X)ip = 0, VX G X'} is close under A anc? A' products. 



24 A.S. DZHUMADIL'DAEV 

So, any polylinear map constructed by P-invariant maps using A and 
A' products will be also "D-invariant. For example, Jacf G C^{U,U)'^ 
and Jac^_^^ E C''+\U,U)^. 

Let pr : U ^ K he a projection map: 

pr J2 = -^0- 

Prolong this map to 

pr : C*{U,U) ^C*{U,K), 
{prip){ui,... ,Un) = pr{ip{ui, . . . ,Un)). 

Theorem 7.3. Let e C^{U,U)^. Then 

. ^ a(l) 

= 2^ — — prV^ X ^ ,x ^ 

(^\ ( ^^vn all)! a{k)\ 

a(l),... ,a(n)eZ^ ^ ' ^ ' 

This theorem follows from the results of . Call /c-typles (a;"*-^-* , . . . , x"" 
or simply (q;(1),... ,q;(A;)), such that pr '\\){x°''^^^ ^ . . . ,x°'^''^) 7^ 0, as a 
support of ip- So, by theorem [7^^ to prove = it is enough to establish 
that ip does not have any support /c-typle. 

8. Derivations of Jacobian algebras of type S 

In this section char K = and U = Kn or and n> 1, if otherwise 
is not stated. Elements of U are denoted as m, f , w, mi, f 1, wi, . . . . Let 

^ = Er=i ei, where e, = (0, . . . , 0, 1, 0, . . . , 0) G Z". 

j 

There are four Cartan Type Lie algebras of formal vector fields. One 
of them is called Special. This algebra is defined as an algebra of 
divergenceless vector fields 

n 

Sn-l = Sn-l{U) =<X = UA ■■ DIVX = J2^^{U^) = > . 

i=l 

Recall that Sn{K:^) is simple, but L = Sn~i{Kn) is not simple: its com- 
mutant [L, L\ is generated by derivations Dij = di{u)dj — dj{u)di, u eU 
and 



L/[L, L] =< DijX-\ x'^^'^di : i = 1, . . . , n >= 7^"+^ 



Theorem 8.1. Let U = K^. 

i) The algebra {U, Jac^) is not simple. It has 1- dimensional center 
< 1 > and the ideal of codimension 1: U =< x" : a ^ —9 > . The 
factor- algebra {U/ < 1 >, Jac^) is simple n-Lie algebra. 

ii) Takes place the exact sequence 

^ Out {U, -, Jacf ) Out (U, Jacl) ^ ^ 0. 
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More exactly, the factor- algebra Out {U, Jac^)/Out {U, ■, Jac^) is 2- 
dimensional and is generated by derivations A and D^g, defined by 

n 

A = J2xidi + n{l-n)~^ : ^ {\a\ + n{l - n)'^)x'' , 

i=l 

iii) The linear maps Di : U U,i = 1, . . . , n, given by 

are outer derivations of {U, ■, Jac^). Their classes of derivations in 
Out {U, Jac^) = Der {U, Jac^) / Int {U, Jac^) form a base. In par- 
ticular, dim Out {U, ■, Jac^) = n and dim Out {U, Jac^) = n + 2. 

iv) Classes of derivations A,Di, . . . , Dn in Out {U, Jac^)/ < 1 >) 
form a base. In particular, dim Out {U, Jac^)/ < 1 >= n + 1. 

±^ ±^ 

Corollary 8.2. Let U = K[ X^ , . . . , Xn " Then eigenspaces of 
the derivation A endow the algebra {U, Jac'^) by grading. If 

f/[fe] = {ueU : A{u) = ku} = {x'' ■.\a\=k + n{n - l)"^}, 

then 

Ui e f/[fci], ... ,U„ G f/[fc„] =^ JaC^{Ui, ... ,Un) e f/[fci + ...+fc„]. 

Here k e {n - 1)"^Z. 

Theorem 8.3. Let U = K^. Then the algebra {U^, Jo-c^) has 1-dimensional 
center < 1 > . Its factor- algebra {U^ / < 1 >, Jac^) is simple n-Lie. It 
has one outer derivation A. In particular, dim Out {U, Jac^) = 
dimOut {U/ < 1 >, Jac^) = 1. 

Theorem ^]3| follows from theorem Therefore, below we can 

consider only the case U = K^. 

Lemma 8.4. Any divergenceless derivation of U is a linear combina- 
tion of derivations Di j{u) and derivations x~^~^'^^di. 

Lemma 8.5. Any derivation of the form Dij{u), where i < j,i,j = 
1, . . . ,n,u G U, can be presented as an interior derivation Lu-i^^,,,^un-i 
of the Jacobian algebra Jac^. 

Proof. It is easy to see that 

di{u)dj{v) - dj{u)di{v). 
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Therefore, 

Lemma 8.6. The element x^^ cannot be presented as a Jacobian Jac'^{ui, . . 
Any element x^^, where (3 e Z",/? 7^ —9, can be presented as a linear 
combination of elements Jac^{ui, . . . , Un), for some Ui, . . . ,Un E U. 

In other words, the first cohomology group of {U, Jac^) with coeffi- 
cients in the trivial module is l-dimensional. 

Proof. Since Jac^ : A"f/ — > C/ is polyhnear, if x~^ — Jac^{ui, . . . , 
for some ui, . . . ,Un & U, then 

for some X E K,ai, . . . , e Z". Thus, 

X^ x^Jac^{x''\... = 
^ sign a x^^i) (9^(i) (x'^i ) • • • (a;"" ) = 

aGSym„ 

( X! '^^fl'"' • • • «n,a(n))2;"'"^'""^°" , 

where ctj — (ctj,!, . . . ,ai,n) G Z". Therefore, we come to two conclu- 
sions: the first 

ai H h q;„ = e Z", 

and the second, 

A = det{aij). 

The first relation means that the sum of rows of the matrix (aij) is 0. 
Therefore, its determinant is also and by the second relation A = 0. 
Let /3 7^ -e. Then fii ^ -1 for some i. Therefore, + and 

X^ J OCyj i^Xi , . . . , Xi—i , ~l~ 1) ■) -^i+l ■)•••■> •^n)- 

Corollary 8.7. D_0 e Der (C/, Jac^). 

Lemma 8.8. The element x~^ cannot be presented in the form x~^'^^*di{u), 
where u E U,i — 1, . . . ,n. 

Proof. Suppose that Xx~^ — x~^^'^^di{x°'), for some a E Ti^ and 
A e X. We have 

Thus q; = 0, and in particular, ctj = 0. So, A = 0. 

Lemma 8.9. The linear maps = x~^~^'^'di : u 1-^ x~^~^'^^di{u) are 
derivations of {U, Jac^). 
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Proof. Take Tij = x'^^''^'^ \nxj,i < j. Then Tij ^ U = K^, hut 
Ti j G U, where U = K[xf^, . . . ,a;^"'^,Tjj] is an extension of U by Tij. 
We see that Di = —Di j(Ti j). So, by lemma |8]^, Di is a derivation of 
Jac^{U). In particular, Di satisfies the Leibniz rule 



DiJac^{ui, ... ,Un) =Y1 Jac^iui, ■ ■ ■ ,ui-i, Di{ui),ui+i, 



L ; • • • ; J , 

1=1 



for elements ui, . . . , m„ of the subalgebra (f/, Jacf ) C {U, Jac^). Since 
Di{u) G U, for any u E U, this means that G Der {U, J^). 

Lemma 8.10. The linear map A : U U given by 

n 
i=l 

is a derivation of the algebra {U, Jac^). 
Proof. Define polynomial / by 

n 

f{ui, ... ,Un) = A{Jac^{ui, ... , Un))-Yl Jac^{ui, ... , Ui-i, A{ui),Ui+i 

1=1 

Notice that [i9j. A] = d^. Since Jacf is "D-invariant, 

p{di)f = p([9„ A]) Jacf = p{di)JaCnS = 0. 
So, / is P-invariant and by theorem 0|, 



/(ui,... ,M„) = 2^ — ——prf{x^>,...,x^> 

ail),...Mn)eZl 

where |a(l)| + ■ ■ ■ + |q;(^)| = n. 

We see that pr f : A'^U ^ K is uniquely defined by /(xi, . . . , 
In other words, 

Supportif) C C"(i?(7ri), K) =< Xi A ■ ■ ■ A Xn >= K. 

We have, 

A(l) =n(l-n)-\ A(xi) = (1 -n)-\ Jacf (xi, . . . , x„) = 1. 
Therefore, 

n 

/(xi, . . . , x„) = n(l - - - n)-^ = 0. 



So, Support{f) = and pr f = 0. Thus, by theorem [773| , / = 0. In 
other words, A G Der {U, Jac^). 
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Lemma 8.11. Derivations A, Di, . . . , D„ G Der {U, Jac^) are outer. 
Moreover, any non-trivial linear combination of derivations Di, . . . , Dn 
and A is outer. 

Proof. Suppose that 

n 

XoA{v) + XiDi{v) = Jac^{ui, ... , u„_i, v), 

i=l 

for some Aq, Ai, . . . , A„ G -ft', Mi, . . . , Un~i G U and for any f G f/. 
For f = 1 we obtain that n(l — ?2)~^Ao = 0, and Aq = 0. 
For V = Xi we have 

A,a;-^+^' = (-l)"-Vacf„i(Mi, . . . ,Un-i). 

By lemma p.6|, this is possible only for the case of A^ = 0. 



Lemma 8.12. Suppose that Dij{x^)u = 0,m G for any (3 G Z", \(3\ > 
2. Then u G< 1 > . 

Proof. Suppose that u = J2aeZ",q<\a\<s A^x" and A^ 7^ 0, for some 
a G Z", such that |q;| = s and a 7^ 0. Then a, 7^ 0, for some i Take 
P = Sej, for some j 7^ i Recall that we suppose that n > 1. Then 
Dij{x^) = —Sx'jdi and 

Dij{x'^)u = -3Asaix"+2'^ +w, 

for some w E U. Notice that i;; is a linear combination of x'^, where 
7 G Z", I7I < s + 2 and 7 7^ a + 2ej. Therefore, — SA^aj = 0, i.e., 
Aq- = 0. The obtained contradiction shows that s = 0. By similar 
arguments it is easy to obtain that g = 0. 

Lemma 8.13. Let D G Der (U, Jac^), and D{u) = 0, for any u G . 
Then D = XD_9, for some X E K. 

Proof. Suppose that D{x°') 7^ 0, for some a G Z",a; ^ Z" and 
L'(x^) = 0, for any (3 G Z'^, \f3\ > \a\. Notice that 

Jac^{xi, ... , Xi-i, u, Xi+i, ... , Xj-i, V, Xj+i, ... ,Xn) = Di,j{u)v = -Dij{v)u. 
For any P G Z", > 2, 

I J(^Cj^ (xi , . . . , , X , Xj-|_i , . . . , Xj—ij X^ J "^j+l 5 • • • 5 -^n) 1^1"^ I • 

So, 

Di^J ac^ (xi, . . . , Xj_i, X , Xj-|_i, . . . , Xj_i, x^, Xj-|_i, . . . , x^)) 0, 
if /5 G Z" , \j3\ > 2. Since D is derivation, and D{u) = 0, for any u G U~^, 

-D(t/QC^(Xi, . . . , Xj_x, X , Xj_|_x, . . . , Xj„x, X , Xj^i, • • • , x^)) 

t/ ac^ (xi , . . . , Xj_i , D{x ) , Xj-)-i , . . . , Xj_i , X , xj-i-i , . . . , x^^) ) , 
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Thus, 

A,,(x^)P(x°)) = 0, 
for any (3 G Z!^, \f3\ > 2. By lemma 

L>(x") e n^^^iKerS, =< 1 > . 

So, 

= A ■ 1, (6) 

for some X & K. 

Suppose that A 7^ 0. 

Now take (3 = ej. Then by the Leibniz rule 

D{di{x'^)) = D{Jac^{xi, ... , Xi-i, x°', Xi+i, ... , x„)) = 

Jac^{xi, ... , D{x°'),Xi+i, ... , Xn)) = di{D{x°')), 
and, according to @, 

D{d,{x^)) = 0, (7) 

for any i = 1, . . . ,n. 

We have 

J CLC^ (Xi , . . . , , X , Xi-\-i , . . . , , XiXj , , . . . , Xn) 

Xidi{x") — Xjdj{x"). 
Therefore, by and the Leibniz rule, 

(oj — aj)D{x°') = 

D(^JCLC^ (Xi , . . . , , X , Xj-)-i , . . . , Xj — i, XiXj , Xj-|_i , . . . , Xn) ) 0. 

So, if A 7^ 0, then 

ai = t, (8) 

for some 7^ t G Z and for any i = 1, . . . ,n. 
Take /3 = + 2ej. We have 

'^'^'^n ("^1 ' ■ ■ ■ 5 -^j— 1) (-^ ) ) -^j-i-i , . . . , Xj_i, XjXj , Xj_|_i , . . . , X„) {2cx.i G;j-|-l)x 

Then by (H), (||) we obtain that 

{2ai - aj + l)L'(x°) = 

-D ((/oCyj (xi , . . . , Xj_x , (9j' (x ) , Xj_|_x , . . . , Xj_i , x^Xj , Xj_|_i , . . . , x^) ) 0. 
So, by (D, t = -1 and L> = AD^g. 

Lemma 8.14. Any derivation of {U, Jac^) is a linear combination of 
some interior derivation and derivations A, D_0, Di, . . . , 
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Proof. By lemma |8.13| any derivation D is defined by its restriction 
on U'^ up to -D-0- Any linear map F : ^ f/ is a linear combination 
of linear maps of the form x°'d^ : U ^ U,v x°'{d^{v)), where a G 
Z",/5 G Zl. Suppose that F = EaeZ",/3eZ!^ K,px'^d'^ G Der {U, J^). 

Step 1. Any derivation F is a linear combination of A and some 
derivation F' with the property F'{1) = 0. Let us prove it. Since 1 is 
central, F{1) is also central for any derivation F. The center of U is 1- 
dimensional and is generated by one element 1. Therefore, F{1) = Ao,o- 
If -^0,0 7^ 0, we can take instead of F 

F' = F - Xo^o{l-n)n-^A. 
Then F' G Der {U, Jacf^) and A^ ^ = 0. if 

Q:eZ",/3GZ^ 

Step 2. Suppose that the derivation F' satisfies the following nor- 
malisation 

F\l) = (9) 

Prove that F' can be presented as a linear combination of derivations 
Di, . . . , Dn and some interior derivation and some differential operator 
of differential order > 1. 
Take 



i=l 

Then F" G Der {U, Jac^) and 

F'{xi) e< : a -e + ei >, 
for any i = 1, . . . ,n. Let F' = J^aez^.tsez^ ^'a,(3^°''^^ ■ Then 

7^ ^ a-,- 7^ —1, for some j. 

Take 

F" = F' + + 
It is easy to see that F" G Der {U, Jac^), and 

where F" = Ea6Z",/3ez; K,,3x''df. 

Let us use induction on I and suppose that F" some / > 1 has the 
following property: X'^ ,,^ = 0, for any a G Z", if i < / and X'^(i)^ei 
for some a{l) G Z". 

Let (f/, Jac^_i^{) be Jacobian algebra of type S with vector space 
U = K[xf^, . . . , x^^] and multiplication Jac^_i_^_i = di A ■ ■ ■ A dn- 
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Let G be the restriction of F" to subalgebra (f7, Jac^_ij^^). Then 

a'={ai,... ,Oi_i)eZ'-l 

for any u & U, where Ga' is a hnear map defined on U with coefficients 
in U. 

Since F"{xi) = 0,i < I and Jac^_i^i = i{xi) ■ ■ ■ i{xi^i)Jac^, then 
G{Jac^^_i^^{ui, . . . ,Un)) = 
F"Jac^{xi, ... , Xi-i, Ui,... , Un) = 

n 

Jacf (Xi, . . . , Xi_i,Ui, ... , Us-l, F"{Us),Us+l, ... ,Un) = 

s=l 

n 

Y Jo.Cn-l+l{ui, . . . ,Us-l,G{Us),Us+l, . . . 
s=l 

for any Ui, . . . ,Un G< : a G Z", ctj = 0, i < / > . Therefore, 

J2 X°''Ga'iJaCn-l+l{Ui,... ,Un)) = 

a'ez'-i 

n 

Y Y X"' JaCn-l+l{Ui, . . . ,Us^l,Ga'{Us),Us+l, . . . ,Un) = 
n 

In other words, Gq,/ G Z^er (f/, J!f_;^_i), for any a' G Z", = . . . = = 
0. By an inductive suggestion Ga' is a hnear combination of derivations 
of {U, Jacfi^_i_^_^ of the form x~^s=i''''+'':idj, where j = I,... ,n and 
a derivation of the form for some ui, . . . ,Un-i G f/. Here 

the derivation A = Yl^=i Xgds + (n — / + !)/(/ — ra) does not appear 
because of normahsation (|^). Thus, x° Ga' is a hnear combination 
of derivations Ai := x°~^'<=i^ > /, and some hnear operator 

Ba> '.= x°' Lu,,...,u„.i- Notice that Div Ai = 0,i > I. Moreover, Ai G 
Int {U, Jac^), because of ^Lg^^- ^- = 0. 

By an inductive suggestion and by lemma ^.4|, the divergenceless 
derivation L^^^ is a hnear combination of derivations of the form 

Di,j{u), I < i < i,u E U . Therefore, Ba', where a' = (ai, . . . , ai-i, 0, . . . , 
Z", is also a linear combination of derivations Dij{x°' u),l < i < j. In 
particular, Ba' G Int {U, Jac^). 

So, we have proved that G is a linear combination of interior deriva- 
tions. Therefore, we can add to F" some linear combination of interior 
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derivations and obtain a new derivation F'" = I]aez",/3GZ^ X'^^x^d^ , 
such that A^'^^ = 0, for any a G Z", if i < Z + 1. 

Thus, induction on / is possible and finally we obtain that F" is a 
sum of some interior derivation and some linear operator 

aGZ",/3GZ:f,|/3|>l 

Step 3. Prove that H = 0. Present H in the form H = Z]/3gZ!j:,|/3|>i Hjsd^, 
where H/^ = J2aeZ" Xa^/sx"". Suppose that H and ^ 0, for some 
(3 eZl,\(3\=t> 1 and = 0, for any f3 G Zl, \f3\ < t. We have 

i/(x,) = 0,V« = l,... ,n, 

Thus, 

H{Jac^{xi, ... , Xi_i,x^, Xi+i, ... , Xn)) = H{di{x'^) = 0. 
On the other hand, by the Leibniz rule 

H(^J CLCj^ (Xi , . . . , Xj_x, X^, • • • , ^^n)) 

Jac^{xi, ... , Xj+i, ... ,Xn) = di{H{x'^)). 

So, H{x^) G njLj^-ft'er (9j =< 1 > . Here J3 is any element of Z", such 
that Hp ^ 0, > 1. In particular, H^^+^^ = or -ff^^+e^ G< 1 > . 
Therefore, in any case by the Leibniz rule 

H (^J QjC^ (xi,... ,Xj_i, x''^, Xj_|_i , . . . , Xj_i, XjXj , Xj_|_i, . . . , x,^)) 0- 

So, /3i = g, i = 1, . . . , ra, for some < g G Z. In other words, j3 = qO. 
In particular, t = \J3\ = nq > n, and, since n > 1, t = \f3\ = nq > q. 
Thus g + 1 < t, and H{x1^^) = or //(x^+^ G< 1 > . We have 
(x?+\ . . . ,x^+i) = (g + l)"x''^ So, by the Leibniz rule, 

{q + irH{x'^') = 

if(Jac^(xr\...,xn) = 0. 

Hence, = 0. Contradiction. 

Proof of theorem |8.1| . Simplicity of {U, Jac^) was established in 
0. Other statements follow from corollary p.7| and lemmas B^, p.l3 
BAOl and ra. 
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9. Derivations of Jacobian algebras of type W 

In this section K is the field of characteristic and U = or K^. 
Let 

= Wn{U) ^<udi:ueU,i^l,... ,n> 

be General Cartan Type Lie algebra. This algebra is also called Witt 
algebra. 

Theorem 9.1. The n-Lie algebra {U, Jac^_^i) is simple. Any deriva- 
tion of {U, Jac^j^^) is interior. Moreover, Int {U, Jac^_^i) is isomorphic 
to Witt algebra Wn- 

On U we have two multiplications Jac^_^i and Jac^. They are related 

by 

Jac^_^^{ui, . . . ,Un+i) = 
(-l)"+VacfK,... ,iiJxi„+i+f](-l)^+"-Vac5K,... 

i=l 

where 

Jac^-. ^ id A di A ■ ■ ■ A di A ■ ■ ■ A dn- 
Let Wn + U he a semidirect sum: 

[X + u,Y + v] = [X, Y] + X{v) - Y{u), 
for any X,Y e Wn, u,v eU. 

Lemma 9.2. The map Wn Wn + U given by X X + XDiv X is 
a monomorphism for any X G K. 

Proof. The statement is evident, if A = 0. Suppose that A 7^ 0. 
The divergence map X 1— Div X is 1-cocycle in Z^{Wn, U) : 

Div[X,Y] ^ X{DivY) -Y{Div X). 

Therefore, lox f — id-\- \ Div, 

f[X,Y]^[X,Y]+XDiv[X,Y]^ 

[X, Y] + \{X{Div{Y)) - Y{Dzv{X))) = 

[X + XDiv X,Y + XDiv Y] = [f{X),f{Y)]. 

So, / is the homomorphism of Lie algebras. 
Suppose that X e Ker f. Then 

X(u) + X(DivX)u^O, 

for any u e U. Take u ^ 1. Then X{Div X) = 0. Thus, X = E^Li l^idi- 
Take now u — Xi. We have = X{u) — Aj. So, X — 0. 
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Lemma 9.3. For any associative commutative algebra U with com- 
muting derivations di, . . . , (9„ the algebra {U, Jac^^i) is {n + 1)- Lie 
and graded: 

where 

U[s] =< : \a\ = s + 1 >, s e Z. 
Proof. By corollary {U, Jac^_^i) is (n + 1)-Lie. It is graded: 

and 

\JacZ.iix''^''\... = |a(0)+---+«(n)-^| = (|«(0)|-1)+. . 

Lemma 9.4. Any interior derivation of{U, Jac^j^^ has the form X— n^^Div X, 
where X e Wn{U). 

Proof. Any interior derivation 

Luu-,u„ ■ V ^ Jac^^-i^iui, ... ,Un,v) 

can be presented as a sum of some differential operator of first order 
and the operator of multiplication to some element of U 

where 

n 

X.,...,„„ = ^(-ir+^-Vac5(wi,... 

i=l 

-R«i,...,n„f = (-l)""^Vacf (Ui, . . . ,Un)v, 

satisfies the relation 

DivXui,...,u^ = 

Y^{-lY+'-^^i{^d^^l^■■■ ^^n){ul,... = 

i=l 
n 

A ^1 A ■ ■ ■ A 4 A ■ ■ ■ A . . . , = 

i=l 

n 

A---A9i A--- A9„)(ui,... ,M„)) = 

i=\ 

(-l)"nJacf(Mi,... 

In other words, 

DivXu^^...,u„.i + ?^-R«i,...,n„_i = 0. 

So, any interior derivation is an element of the subspace {X —n^^ Div X : 

X e Wn{U)}. 
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Lemma 9.5. Let U be an associative commutative algebra with the 
space of commuting derivations T> = {di, ... , (9„}. Then for any X G 
Wn the linear map g = gx '■ U ^ U given by g{u) = X{u) + XDivX u 
is a derivation of the algebra {U, Jac^^i), if and only if X = —n~^. 

Proof. Consider the polynomial 

f{X,Ui, . . . ,Un+l) = 
n+1 

gx{Jac:^+i{ui,. . . JacJf^i(Mi, . . . ,Ui-i, gx{ui),Ui+i, . . . ,Un). 

i=l 

We should prove that f{ui, . . . , u„+i) = for any ui, . . . , m„+i G U, if 
and only if A = —n'^. 

Notice that g = gx is "D-invariant for any X G Wn- 

{p{di)g){u) = d,{g{u)) - g{d,{u)) = 

di{Xu) + \di{DivXu) - X{di{u)) -\DivXdi(u) = 
di{X)u + \di{X)u = g{diX)u. 
We know that Jacf_|_^ is P-invariant: 

p{di){idAdiA---Adn) =0. 

Hence by corollary [7.2| / as a linear combination of compositions of 
P-invariant polynomials, is also D-invariant. 

As we mentioned before Jac^_^_i is graded. Notice that g has grade 
degree \X\: 

9iU[s]) C U[s]+\x\- 
Therefore, the polynomial / is also graded. 

So, we can use theorem to prove that / = 0. 

Notice that / is skew-symmetric in n parameters ui, . . . , Un+i - There- 
fore, for homogeneous X G Wn and Ui, . . . , Un+i G U, 

f{X,Ui, . . . G f/[o], 

if and only if 

|X| = -1, + . . . + |m„,+i| = 

or 

|X| = 0, = —1 for some / and \ui\ + ■ ■ ■ \ui\ + ■ ■ ■ + |Mri,+i| = 
In other words, if 

. . . G Support{f), 

then 

|a(0)| = 0, |a(l)| + ■ ■ ■ + \a{n + 1)\ = n + 1 
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or 

|q;(0)| = 1, \a{l)\ = 0, for some I and |a;(l)|H |-|q;(/)|H |-|Q;(n+l)| = n 

So, we should check that 

f{di,x"^^\... ,a;"("+^)) = 0, 
if |a(l)| + • • • + \a{n + 1)| = n, or 

if a{l) = 0, for some / and 

|a(l)| H h \all)\ H h +\a{n + 1)| = n, \a{s)\ >0,s^l. 

The first statement is evident: since di is a derivation of U, Divdi = 0, 
and [di, dj] = for all i and j, then f{di, x"^^\ . . . , = 0, for any 

«(!), . . . , a(n + 1). Since / is skew symmetric in Ui type parameters, in 
the second case we can take, say, I — 1. Then \a{2) | = . . . = |Q;(n+l) | = 
1. So, in the second case we have 

f(^Xjdi, 1, Xi, . . . , Xjj) — 

Xj9j(Jac^i(l,xi, . . . ,Xn)) + XSij{Jac^^i{l,xi, . . . 
</oc^_i_i(A5ijT, Xi, . . . , Xn) 

n 

^ ] J CtC^-)-i(l) 3^1) • • • ) ^s— 1) X jdi{x + A SijXg, Xs-\-l, • • • ) 3^n) 
s=l 

a;jai(Jacf(xi, . . . , + A Jacf (xi, . . . 
— A Jac^(a:i, . . . 

n 

^ ^ ''^'-'jj (3^1, • • • ) 2^s— 1) Xjdi (3^3) ~l~ A dijXs, Xs-\-l, • • • ) — 



n 



^ j ^i,sJ O'C^, {-^l-i • • • 1 Xg—li Xj , Xs-\-li ■ ■ ■ 1 Xn) 
s=l 

n 

^ ^ A Si J J CIC^ (Xi,... , Xn) 

s=l 

1/ OCjj , . . . , , , Xi-^-i , . . . , A TlSij — 

-dij{l + An). 

Thus / = 0, iff A = -n-\ 

Corollary 9.6. Any divergenceless derivation ofU is also a derivation 
ofiU.Jac'^^,). 
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Lemma 9.7. Suppose that D{1) = 0, D{xi) = for any i = 1, . . . ,n. 

Then D{di{u)) = di{D{u)) for any u E U. 

Proof. Since 

Jac^_^^{u, l,xi,... ,Xi,... ,Xn) = di{u), 
then, by the Leibniz rule 

D{di{u)) = D{Jac^^^{u, . . . . . . ,a;„)) = 

Jac^i(D(M), 1, xi, . . . , fj, . . . , Xn) = di{D{u)), 
for any u E U. 

Lemma 9.8. Let U = K[xf^, . . . , x^^]. Suppose that D G Der {U, Jac^^^] 
and D{u) = 0, for any u G . Then D{u) = 0, for any u eU. 

Proof. Suppose that D(x°') ^ for some a G Z" \ Z" and D{x^) = 
0, for all P G Z", \P\ > \a\. If ai + ei < 0, for some i, then we obtain a 
contradiction: by lemma |9]^ in this case 

\a + til > \a\ = ^ = {ai + = 0- 

Thus, ctj = —1, for alH = 1, . . . , n. 
Notice that 

n 

J (3c„_j_-|^ (it, x^, • • • ? -^ji) ~ 2 X (2 ^ ^ XiOi^u, 

i=l 

for any m G t/. In particular, 

JacZiix-'',xl,... ,xl) = 2-{n+l)x-'. 

Thus, 

2-"(n + l)-lZ}(Jacr+l(x-^^a;?,...,a;^) = 
2-"(n + l)-VaCi(D(x-2^), X?, . . . , x^) = 



2-\n + l)-'x\2-Y.xA)D{ 

i=l 

On the other hand, 

\Xi^\ > |x"^| ^ D{Xi^) = 0,2 = 1, . . . ,n. 



J ac^_^_l(l, x^ , . . . , x„ ) — ( 1) X 



and by the Leibniz rule 

D{x-'') = 
Jacr+i(l, xr\... ,x;^)) = 0. 
Therefore, D{x^^) = 0. Contradiction. 
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Lemma 9.9. Any derivation of the algebra {U, Jac^_^i) has the form 
X - n~^DivX for some X G Wn{U). 

Proof. By lemma P]3 any derivation of F G Der {U, Jac^^^) is 
defined by its restriction on f/+ = K[ „ ]. Let D be the re- 

striction of derivation F on U^. 

Step 1. Prove that 

D(l) G< : a G Z" : a 7^ > . (10) 

Notice that \x~^\ = -2n ^ 0. Therefore, if Ei=iXidiD{l) = 0, then 
(|T0|) is true. 

Consider now the case J27=i XidiD{l) ^ 0. Since 1 = Jac^^-^^{1, Xi, . . . , Xn), 
by the Leibniz rule we have 

D{1) = 

n 

J CIC„^]^(Z)(1), Xi, . . . , 3^n)~l~^~^ J OC„_|_]^(l, Xi, . . . , Xi-i, D{Xi \ a^i+l, • • • , Xn) = 

i=l 

n n 

(1 - ^ Xidi)D{l) + J2 Jac^i^i, ... , Xi_i, D{xi), Xi+i, ... ,Xn). 

i=l i=l 

Thus, 

n n 

^ Jacf(xi,... ,Xi_i,D{xi),Xi+i,. . . ,x„) = 

i=l i=l 

Therefore, D{1) is a linear combination of elements of the form Jacf . . . , Un) 
and by lemma |8]^, (|T0|) is true. 

So, according to (pil|) R = J2a&Z",ajt-e AqX", for some Aq, G K. If 
Aq, 7^ 0, then there exists some i = i{a), such that 7^ —1. Therefore, 
by lemma |9.5| there exists a derivation of {U, Ja(^^i) of the form G : = 
Z^aeZ" -^(^(^(o^i + l)~^a;°"'"'''(9j — x"). Take D' = D + G. It is easy to see 
that 

D' G Der(f/, Jac^i) 

and 

=0. 

Step 2. Suppose that D{x°') 7^ 0, for some a G Z" , |a| = t, but 
-D(x^ = 0, for all P E Z^, such that |/?| < t. As we have shown above 
(step 1) we can assume that t > 0. Consider separately the cases t = 1 
and t > 1. 

The case t = 1. By the Leibniz rule for D G Der {U, Jac^^i), we 
have 

n 

D{Jac^{ui, ... , Un)) - Jac^iui, ... , ui-i, D{ui),ui+i, ... ,Un) = 

1=1 
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n 

L)(Jac^i(l,Mi, . . . Jac^i(l,Mi, . . . ,ui-i,D{ui),ui+i, ... = 

1=1 

JacJ^l(D(l),Mi, . . . ,Un). 

Thus D G Der {U, Jac^), iiD{l) = 0. By theorem |8.1| , D as a derivation 
of U under multiphcation Jac^ can be presented in the form 

D = D + Do + D, 

where 

D = X-eD-e, 
Do = AoA, 

n 

for some Aq, \-e, K, 

Notice that D is a divergence-free differential operator of first order. 
By corollary ^]6| any divergence-free derivation D is a derivation of 
(f/, Jac^j^i). Since D{1) = 0, Aq = 0. So, D = D — D is also a derivation 
of (f/, Jac^i)._ 

Prove that = 0. As we mentioned before, 

Jac^i(a;"^,a;i, . . . = (n + 

Therefore, 

D{x-') = {n + iy^D{Jac^_,^{x-\x^,... ,Xr,)). (11) 
Let TT : U ^< 1 > be projection to < 1 > . Notice that 

7r{D{x-')) = A_e, 
7i{Jac^_^^{D{x~^),Xi,... ,Xn)) = A_e, 
Take projections to < 1 > from the both parts of ([TT|) . We find that 

A_e = {n + l)-^X^g. 

So, nX^g = 0, and A-e = 0, D = 0. 

The case t > 1. Prove that this case is not possible. By lemma [9^^ 
diD{x°') = 0, for any i = 1, . . . ,n. So, D{x°') = A ■ 1, for some 7^ A G 
K. 

Notice that 

n 

Jac^^^{u,xi, ... ,x„) = (1 -Yxidi)u, 

1=1 

for any u eU. Therefore, by the Leibniz rule, 

(1 - |a|)A = (1 - = 
L>(Jac^i(x",a;i, . . . ,Xn)) = 
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Jac^^^{D{x°'),xi, ... ,Xn) = X. 
So, tX = 0, and A = 0. Contradiction. 

Summarize the results obtained in all these steps and cases. We 
see that any derivation of (f/, Jac^^i) can be presented as a linear 
combination of derivations of the form X — n~^Div X, where X G 
Wn{U). 

Proof of theorem |9.1| . Suppose that J is an ideal of U under 
(n + l)-multiplication uj = Jac^_^^. Then J is ideal of U under n- 
multiphcation i{l)u = Jac^. Since {U, Jac^) is simple 0, J = or 
J = U. So, {U, Jac^j^i) is simple. 

Other statements of theorem |9.1| follow from lemma |9.9| . 
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